Let p be a prime number, and let k be an imaginary quadratic number field in which p decomposes into two distinct primes p andp. Let k ∞ be the unique Z pextension of k which is unramified outside of p, and let K ∞ be a finite extension of k ∞ , abelian over k. In case p / ∈ {2, 3}, we prove that in K ∞ , the characteristic ideal of the projective limit of the p-class group coincides with the characteristic ideal of the projective limit of units modulo elliptic units. Our approach is based on Euler systems, which were first used in this context by Rubin in [14] . For p ∈ {2, 3}, we obtain a divisibility relation, up to a certain constant.
Introduction.
Let p be a prime number, and let k be an imaginary quadratic number field in which p decomposes into two distinct primes p andp. Let k ∞ be the unique Z p -extension of k which is unramified outside of p, and let K ∞ be a finite extension of k ∞ , abelian over k. Let G ∞ be the Galois group of K ∞ /k. We choose a decomposition of G ∞ as a direct product of a finite group G (the torsion subgroup of G ∞ ) and a topological group Γ isomorphic to Z p , G ∞ = G × Γ. For any n ∈ N, let K n be the field fixed by Γ n := Γ p n , and let G n := Gal (K n /k). Remark that there may be different choices for Γ, but when p n is larger than the order of the p-part of G, the group Γ n does not depend on the choice of Γ.
Let F/k be an abelian extension of k. If [F : k] < ∞, we denote by O F the ring of integers of F . We write O × F for the group of global units of F , and C F for the group of elliptic units of F (see section 3). Also we let A F be the p-part of the class group Cl (O F ) of O F . We set E F := Z p ⊗ Z O × F and C F := Z p ⊗ Z C F . When F/k is infinite, we define E F , C F and A F , by taking projective limits over finite sub-extensions, under the norm maps. For any n ∈ N ∪ {∞}, we set E n := E Kn , C n := C Kn , and A n := A Kn . * Stéphane Viguié, Laboratoire de mathématiques de Besançon, UMR CNRS 6623, Université de Franche-Comté, 16 route de Gray, 25030 Besançon cedex, France. e-mail: stephane.viguie@univ-fcomte.fr For any profinite group G, and any commutative ring R, we define the Iwasawa algebra
where the projective limit is over all finite quotient H of G. In case G = G ∞ , we shall write
. Then A ∞ and E ∞ /C ∞ are naturally Λ-modules. As we shall see below, they are finitely generated and torsion over Z p [[Γ] ]. Let us fix a topological generator γ of Γ, and set T := γ − 1. Then for any finite extension , and nonnegative integers n 0 , ..., n r , such that there is a pseudoisomorphism
Moreover, the integer n 0 and the ideals (P We denote by C p a completion of an algebraic closure of Q p . Let χ : G → C p be an irreducible character of G. Let Q p (χ) ⊂ C p be the abelian extension of Q p generated by the values of χ. We denote by Z p (χ) the ring of integers of Q p (χ). The group G acts naturally on Q p (χ). We recall that if g ∈ G and x ∈ Q p (χ) then g.x := χ(g)x. For any
where Tr is the trace map for the extension Q p (χ)/Q p , then ψ is an irreducible Q p character on G, and we will write χ|ψ. Recall that any irreducible Q p character on G can be obtained in this way. We define the idempotent e ψ of Q p [G] attached to ψ,
The restriction to the ψ-part of the canonical surjective map
Also, we have the following decomposition
where the sum is over all irreducible
]-module in a natural way. As a particular case,
For any finitely generated Λ χ -module Z, we shall denote char Λχ Z simply by charZ.
The goal of this article is to prove Theorem 1.1 below, which is a formulation of the (one-variable) main conjecture. In [15, [10] ). Inspired by the ideas of Rubin, Greither used Euler systems to prove the main conjecture for cyclotomic units and for the cyclotomic Z p -extension F ∞ /F , with F ∞ abelian over Q (see [4, Theorem 3.2] ). Bley proved Theorem 1.1 when p ∤ 2# (Cl (O k )), and when there is a nonzero ideal f of O k , prime to p, such that for all n ∈ N, K n = k fp n+1 is the ray class field of k modulo fp n+1 (see [1, Theorem 3.1] ). Here we prove the general case.
Also, we draw the attention of the reader to a cohomological two-variables main conjecture, which has been recently proved for all primes by J. Johnson-Leung and G. Kings in [7] , as a consequence of the Tamagawa number conjecture. In their treatment they replaced χ-quotients by Galois cohomology with coefficients in the Galois representations defined by χ, and used Euler systems as defined by Kato. From their result, they deduced the classical two-variables main conjecture for Z 2 p -extensions
where f is any nonzero ideal of O k , and when p does not divide the torsion subgroup of Gal (F ∞ /k).
where u χ is a uniformizer of Z p (χ).
2 Semi-local units.
For every n ∈ N, we denote by U n the Z p [G n ]-module of principal semi-local units over the primes above p. We define
by taking the projective limit under the norm maps. For any n ∈ N, we write γ n for γ p n . Then for any Z p [[T ]]-module M, we denote by M Γn the module of Γ n -invariants of M, and we denote by M Γn the module of Γ n -coinvariants of M. By definition, they are respectively the kernel and the cokernel of the multiplication by 1 − γ n on M.
Proof. Let P be a prime of K ∞ above p, and let k ′ be the completion of k at p. For every n ∈ N we respectively denote by K ′ n , O ′ n , and P n the completion of K n at P, the ring of integers of K ′ n , and the maximal ideal of O ′ n . Let us also denote the group 1 + P n by U ′ n . For sufficiently large m, the p-adic logarithm is an isomorphism of
Taking the tensor product of this isomorphism by Q p over Z p , we see that
where the last isomorphism holds by the normal basis theorem, and since 
We have a decomposition 
] is a principal ring. We deduce that e ψ Q p ⊗ Zp U ′ ∞ is a free e ψ Q p ⊗ Zp Λ -module. Let r χ be its rank. We must show that r χ = 1. Let us choose n such that
Exactly as in [10, Proof of Proposition 3.6], one can prove that the kernel and the cokernel of the canonical map (U
n are finitely generated Z p -modules of rank 1, and invariant under the action of
. Thus r χ = 1 by (2.3) and (2.2).
Lemma 2.1 Let the notation be as in the proof of Proposition 2.1. Then the group
Proof. As previously, we write k ′ for the completion of k at p. Since k ′ = Q p , it is well known that the kernel of the local norm residue symbol
is the free group p generated by p (see for instance [8, p. 323 
Then the kernel of the local norm residue symbol
is a subgroup of p , whose index is finite. Let Q be a prime of k ∞ abovep. We write k ′′ for the completion of k atp. For all n ∈ N, we denote by k ′ n (resp. k ′′ n ) the completion of k n at P (resp. Q). We set k
But it is also unramified, and then its Galois group is topologically generated by (p, k ′′ ∞ /k ′′ ). By the product formula, and since
, and we deduce that for all n ∈ Z\{0}, (p
′ ) the elliptic function defined in [13] . For m a nonzero proper ideal of O k , and a a nonzero ideal of O k prime to 6m, G. Robert proved that ψ 1; m, a −1 m ∈ k(m), where k(m) is the ray class field of k modulo m. More precisely, ψ 1; m, a
if m is divisible by at least two distinct primes, and if m = r n with r a prime ideal and n ∈ N * , then ψ 1; m, a −1 m is a unit outside of the primes above r. For any maximal ideal q of O k , prime to a, by [12, Corollaire 1.3, (ii-1)] we have 
where (q) mq is the product of the prime ideals in O k(mq) above q.
Definition 3.1 Let F ⊆ C be a finite abelian extension of k, and write µ(F ) for the group of roots of unity in F . We write
(F ) and by all the norms
where m is a nonzero proper ideal of O k and a is any nonzero ideal of O k prime to 6m. Then, we define the group
Remark 3.1 For any n ∈ N, U n is canonically identified to the pro-p-completion of the group of semi-local units U n of K n . Hence the natural inclusions O × Kn ֒→ U n induce norm compatible canonical maps E n → U n . The Leopoldt conjecture, which is known to be true for abelian extensions of k, states that this map is injective. Taking the projective limits, we obtain a natural injection E ∞ ֒→ U ∞ .
is finitely generated and torsion.
Proof. For all n ∈ N, we let St n be the group of Stark units defined in [6, Definition 3.2], and we set St n := Z p ⊗ Z St and St ∞ := lim ← − St n (projective limit with respect to the norm maps). It is well known that Stark units can be constructed by means of elliptic units (for instance, see [9, Chapitre V, 4 ] for a precise statement). Then it is an easy matter to verify that St n ⊆ C n for all n ∈ N. Hence St ∞ ⊆ C ∞ , and we just have to show that U ∞ /St ∞ is finitely generated and torsion. By [6 
Euler systems.
Let us write A k as a direct product of cyclic p-groups,
where p 1 , ..., p r are prime ideals of O k , prime to p, and cl (p i ) is the class of
For any i ∈ {1, ..., r}, let p r i be the order of cl(p i ) , and we choose α i ∈ O k be such that
r i and let m = 1 be a power of p, such that p r = #(A k ) ≤ m.
Let ω := 1 if p = 2, and
We denote by L F the set of maximal ideals ℓ of O k such that ℓ splits completely in
√ α r /k, and such that ℓ / ∈ {p 1 , ..., p r }. We denote by S F the set of squarefree ideals of O k whose prime divisors belongs to L F . As in [11, Lemma 3 .1], we define for each ℓ ∈ L F a cyclic subextension F (ℓ) of k(ℓ)F , of degree m, which is totally ramified above ℓ and unramified anywhere else.
For any ideal m = 0 of O k , we denote by S F (m) the set of ideals in S F which are prime to m. We denote by U F (m) the set of maps ǫ :
for all a ∈ S F (m) and all ℓ ∈ L F which is prime to ma. 
which associates to z the sum ⊕ λ|ℓ z λ such that the image of
is a unit at the prime ideals of O F (ℓ) above ℓ. We denote by {xy m } the class of xy 
For any x ∈ F × , we denote by x m the class of x in F × / F × m . For any n ∈ N we denote by µ n the group of n-th roots of unity in C. We set
Theorem 4.1 Let f be the conductor of F/k, and set c := vp (f). We set G F := Gal(F/k).
Assume that we are given an ideal class
Assume that for all w ∈ W , all i ∈ {1, ..., r}, and all prime q of F above p i ,v q (w) = 0. Assume also that for any i = 1, ..., r, p i is unramified in F/k. Let m be a positive integer divisible by p 2c+1 . Then there are infinitely many maximal ideals
Proof. Let H F be the Hilbert p-class field of F . Let
Exactly as in [1, proof of Theorem 3.4], one can prove the following claims.
. Claim (C) The cokernel of the canonical map from Kummer theory
is annihilated by p annihilates
annihilates Gal (L r /F 0 ), and we deduce Claim (D) below.
Let ζ be a primitive m-root of unity, and ι : Z/mZ [G F ] → µ m be the group morphism such that ι(σ) = 0 for σ ∈ G F \ {1} and ι(1) = ζ. Combining Claim (C) and Claim (D), one may find
From Claim (B), we may choose
and β |H F = c m . 
Then, there exists a morphism of
Proof. We refer the reader to [4, Lemma 3.12].
5 The ideal class group. Λ χ /P j be a pseudo-isomorphism of Λ χ -modules, where
For all n ∈ N, we denote by Ker n M ∞ and Cok n M ∞ the respective kernel and cokernel of the canonical map M Γn → M n .
Lemma 5.1 There is c 3 ∈ N, and for all n ∈ N, there is a morphism of Λ χ -modules
Proof. Let m ∈ N be such that K ∞ /K m is totally ramified above p. By [19, Lemma 13.15] , there is a
Therefore for all n ≥ m, we have Cok n A ∞ = 0 and
Multiplication by ν m,n induces a surjection
from which we deduce that for all n ≥ m, Ker n A ∞ is a quotient of Ker m A ∞ . Since Ker n A ∞ is finite, by Proposition 5.1 we see that the orders of Ker n A ∞ and Cok n A ∞ are bounded independantly of n. We choose α ∈ N such that for all n ∈ N, p α annihilates Ker n A ∞ and Cok n A ∞ . On the other hand, since Cok n A ∞ = 0, we have the exact sequence below for any n ≥ m,
This shows that p α annihilates Ker (A ∞,χ ) Γn → A n,χ , for all n ≥ m. Moreover for all n ∈ N, (A ∞,χ ) Γn ≃ (A ∞,Γn ) χ is finite from Proposition 5.1. Thus we may choose α such that p α also annihilates Ker (A ∞,χ ) Γn → A n,χ for all n ∈ N. Then choose β ∈ N such that p β annihilates Cok(τ ), and set c 3 := 2α + β.
be the morphism of Λ χ -modules defined from τ by taking the quotients, and set
where y ∈ (A ∞,χ ) Γn is such that its image in A n,χ is p α x. It is straightforward that τ n is well-defined, and that the condition of the lemma is satisfied.
Global units.
Let us fix χ an irreducible C p character of G, and let ψ : G → Z p the irreducible Q p character of G such that χ|ψ. Also we denote by u χ a fixed uniformizer of Z p (χ).
Lemma 6.1 There is a finite set I, a family (n i ) i∈I ∈ N I , and a pseudo-isomorphism of Λ χ -modules:
Proof. From [5, Theorem 25] and Remark 3.1, we know that E ∞ is finitely generated over
We denote by Λ(ψ) the principal ring e ψ Q p ⊗ Zp Λ . From the tautological exact sequence 0 → E ∞ → U ∞ → U ∞ /E ∞ → 0 we deduce the following exact sequence of
But we know that e ψ Q p ⊗ Zp U ∞ is free of rank 1 over Λ(ψ), thanks to Proposition 2.1.
Moreover, e ψ Q p ⊗ Zp U ∞ /E ∞ is Λ(ψ)-torsion by Proposition 3.1. As Λ(ψ) is a principal ring, we see from (6.2) that e ψ Q p ⊗ Zp E ∞ is free of rank 1 over Λ(ψ). The isomorphisms
imply that the Λ χ -torsion of E ∞,χ is annihilated by some power of p, and the Λ χ -rank of E ∞,χ is 1.
Lemma 6.2
There is (c 0 , n 0 ) ∈ N 2 such that for all n ∈ N, p c 0 (γ n 0 − 1) annihilates Cok n E ∞ and Ker n E ∞ .
Proof. The proof is similar to [10, Corollary 3.9] .
For every n ∈ N, the projection E ∞ → E n induces a natural map π n,χ : (E ∞,χ ) Γn → E n,χ .
Since
Let Q be the set of prime ideals q of Λ χ of height 1, and for any q ∈ Q, let P q be a generator of q. Since Λ χ is factorial, there is a unit u ∈ Λ × χ and a family (n q ) q∈Q ∈ N Q with finite support such that h χ = u q∈Q P n. We set h
is the set of all q ∈ Q such that q is prime to 1 − γ n , for all n ∈ N. Since 1 − γ n divides 1 − γ n+1 for all n ∈ N, we can choose ν ∈ N and c 1 ∈ N such that ( 
where f is a nonzero ideal of
is finite. Let m be a power of p such that
Let us also introduce the following notation. If λ is a maximal ideal of O Kn such that ℓ := λ ∩ O k ∈ L Kn , then we denote by ω λ andω λ the maps
We know by Lemma 5.1 that for every j ∈ {1, ..., s}, there is a class c j ∈ A n such that
where p c 3 is at the j-th place. We recall that c j,χ is the image of c j in A n,χ . We also choose arbitrarily one more class c s+1 ∈ A n . By the above Lemma 6.4 (iii), there is ξ ∈ C n such that
where ξ ′ is the image of ξ in Im (C n,χ ). Let us now fix an ideal m of O k and ε ∈ U Kn (m) such that κ ε (1) = ξ. This is possible thanks to Lemma 4.1. The main step is to define recursively maximal ideals λ 1 , ..., λ s+1 of O Kn and ideals a 1 , ...,
(e) For every i ∈ {2, ..., s + 1} there is u i ∈ (Z/mZ) × such that
Since we will use Theorem 4.1 for F := K n , we assume from now until the end of this paper that the prime ideals p 1 , ..., p r are unramified in K ∞ /k.
Let us consider the map
k] e ψ gυ for all g ∈ G and υ ∈ Γ/Γ n . Further, by taking the quotients we obtain a map 
We denote byθ n,χ : E n,χ → Z/mZ[G n ] χ the morphism obtained from ϑ n,χ by taking the quotients. Then from (4.1), we have
in I Kn,ℓ 1 /mI Kn,ℓ 1 . From (7.4) and (7.2), we deduce that in (Z/mZ[G n ]) χ we havē
Let i ∈ {2, ..., s + 1}, and assume that λ 1 , ..., λ i−1 has been constructed. From (d) and (e) we deduce
in (Z/mZ [G n ]) χ , with the convention that an empty product is 1 and an empty sum is 0.
, Z i := p d+c 3 , and we choose g i ∈ Z p [G n ] such that the image of g i and the
Proof. (i) is a direct consequence of (4.1). We have (A ∞,χ ) Γn ≃ (A ∞ ) Γn,χ , and (A ∞ ) Γn,χ is finite by Proposition 5.1. Hence g i is prime to 1 − γ n , whence (iii).
Let
where φ is the canonical projection
is verified. From (7.6), and since
The condition (7.1) then implies (iv).
Let us apply Lemma 4.1 to the material furnished in Lemma 7.1. There is a morphism of
We define Ψ i by composing ̟ • Ψ in (I Kn,ℓ i /mI Kn,ℓ i ) χ . Then in Z/mZ[G n ] χ , by (7.8) and (7.7) we have
which demonstrates (e). So we can construct recursively the primes λ 1 , ..., λ s+1 , and from (d) and (e) we deduce which proves the assertion (ii) of Theorem 1.1. Now assume p / ∈ {2, 3}. Recall that class field theory gives an exact sequence By [2, 2.1 Theorem, p. 109], the divisibility (7.10) and (7.12) applied to K f,∞ implies that char (A f,∞ ) ξ = char (E f,∞ /C f,∞ ) ξ and µ ξ (U f,∞ /C f,∞ ) ξ = 0, (7.13) for all irreducible C p -character ξ of the torsion subgroup G f of Gal (K f,∞ /k), and where µ ξ is the µ-invariant over Z p (ξ). Since (U ∞ /C ∞ ) χ is a quotient of (U f,∞ /C f,∞ )χ, whereχ is the character of G f defined by χ, we deduce from (7.13) that µ χ (U ∞ /C ∞ ) χ = 0. By (7.12), the exact sequence (7.11) gives
(7.14)
By decomposing H := Gal (K f,∞ /K ∞ ) into a direct product of cyclic subgroups, we are reduced to the case where H itself is cyclic. Then classical arguments (see [15, section 5]) show that (A f,∞ ) H is pseudo-isomorphic to A ∞ , and we deduce
15)
The cokernel of the norm map (E f,∞ /C f,∞ ) H → E ∞ /C ∞ is annihilated by #(H), hence λ (E ∞ /C ∞ ) ≤ λ (E f,∞ /C f,∞ ) H . Together with (7.13) and (7.15) , it implies that
Finally the assertion (i) of Theorem 1.1 follows from (7.16), (7.14) and (7.10).
We draw the attention of the reader to our papers [18] and [17] , where we prove that a raw version of Theorem 1.1 (i) holds also for p ∈ {2, 3}.
